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Simulation-based design has become an inherent part of multidisciplinary design as simulation tools provide
designers with a � exible and computationally ef� cient means to explore the interrelationships among various dis-
ciplines. Complicationsarise when the simulationprogramsmay have deviationsassociated with input parameters
(external uncertainties), as well as internal uncertainties due to the inaccuracies of the simulation tools or system
models. These uncertainties will have a great in� uence on design negotiationsbetween variousdisciplines and may
force designers to make conservative decisions. An integrated methodology for propagating and mitigating the
effect of uncertainties is proposed. Two approaches, namely, the extreme condition approach and the statistical
approach, are developed to propagate the effect of uncertainties across a design system comprising interrelated
subsystem analyses. Using the extreme condition approach, an interval of the output from a chain of simulations is
obtained, whereas the statistical approach provides statistical estimates of the output. An uncertainty mitigation
strategy based on the principles of robust design is proposed. The methodology is presented using an illustrative
simulation chain and is veri� ed using the case study of a six-link function-generator linkage design.

Nomenclature
a = vector of system objective
F = vector of simulation function
f = response surface model (function)
g = vector of system constraint
S = displacement of slider
w = weighting factor
x = vector of design variable
x̄ = vector of nominal value of x
y = vector of linking variable
z = vector of system output
a = maximum pressure angle
D x = vector of range of x
" = vector of error model
µ = vector of mean value
¾ = vector of standard deviation
} = crank angle
w = rocker angle

I. Introduction

T HE advancements in computer-aidedengineering (CAE) have
resulted in the developmentof simulation tools that model the

behavior of real-world systems. These tools provide designers with
� exible and inexpensive means to deal with complicated systems
analysis and design under a multidisciplinary collaborative envi-
ronment. Multidisciplinary systems design1 ¡ 4 usually involves in-
teractions of various systems (called subsystems in this paper) con-
nected by linking variables. These subsystems may be designed by
different disciplines. Even though multidisciplinary optimization
(MDO) has gained wide attention and applications, the treatment
of uncertainties under multidisciplinary design has received very
limited attention.5 It is our aim to develop an integrated methodol-
ogy for propagating and managing the effect of uncertainties in a
simulation-based (multidisciplinary) systems design environment.
In addition to discussing the various sources of uncertainties in-
volved in simulation-baseddesign,our focus is to illustratethe alter-
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native techniquesfor propagatingthe effect of uncertaintiesacross a
design system comprising interrelated subsystem analyses, as well
as to show the bene� ts of applying the robust design technique to
making reliable design decisions under uncertainties.

It is generally recognized that there always exist uncertainties
in any engineering systems due to variations in design conditions
and mathematical models.6 Omitting the algorithmic errors related
to computer implementation, two general sources contribute to the
uncertainties in simulation predictions.

1) External uncertainty comes from the variability in model pre-
diction arising from plausible alternatives for input values (includ-
ing both design parameters and design variables).7,8 It is also called
input parameter uncertainty. Examples include the variabilities as-
sociated with loading, material properties, physical dimensions of
parts, and operating conditions.

2) Internal uncertainty has two sources.9,10 One is due to the
limited information in estimating the characteristics of model pa-
rameters for a given, � xed model structure, which is called model
parameter uncertainty, and another type is in the model structure
itself, including uncertainty in the validity of the assumptions un-
derlying the model, referred to as model structure uncertainty.

A critical issue in simulation-based systems design is that the
effect of the uncertainties of one subsystem (or discipline) may
propagate to another through linking variables,and the � nal system
output will have an accumulated effect of the individual uncertain-
ties. A practicalproblem in large-scale systems design is that multi-
disciplinarygroups often use predictive tools of varyingaccuracy to
determine if the design options are meeting the design requirements
and to perform impact analyses of proposed changes from other
groups. Some of these tools have good accuracy relative to test data,
for example, mechanical structural analysis. Others may have very
low accuracy for engineering purposes, for example, fatigue mod-
eling. It is important to study the effect of various uncertaintiesas a
part of requirements trackingand design coordination.Two primary
issues arise: How should the effect of uncertainties be propagated
across the subsystems?How should we manage (mitigate) the effect
of uncertainties and make reliable decisions?

Techniques for uncertainty analysis exist widely in the litera-
ture. The extreme condition approach (or worst-case analysis) and
the statistical approach are the two commonly used approaches.
The common extreme condition approach is to derive the range
of system output in terms of the range of uncertainties by ei-
ther suboptimizations,11 or � rst-order Taylor expansion, or inter-
val analysis.12 The statistical approach relies heavily on the use of
data sampling to generatecumulativedistributionfunction(CDF) of
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system outputs. Monte Carlo simulation,13 a random simulation-
based approach, could become very expensive in some of the
applications. Reduced sampling techniques, such as Latin hyper-
cube sampling,14 importance sampling,15 and Taguchi’s orthogonal
arrays,16 may be used to improve the computational ef� ciency. In
most of the existing applications, the use of extreme condition ap-
proachand the statisticalapproachhasbeenrestrictedto propagating
the effect of external uncertainty but not that of the internal uncer-
tainty, much less the combination of both. In recent developments,
some preliminary results of propagating the effect of model uncer-
tainty (internaluncertainty) are reported.17 In the work of Gu et al.,17

model uncertainty is denoted by a range (bias) of the system out-
put. With this simplistic treatment, the worst-case concept and the
� rst-order sensitivity analysis are used to evaluate the deviationsof
an end performance.There is a need to accommodate more generic
representations of both external and internal uncertainties. In the
content of optimization, the physicalprogrammingmethod18,19 also
uses ranges to express performance preference for each objective.
This approach may also entail inherent robustness properties.

There are few works associated with how to mitigate the effect
of both the external and internal uncertainties in simulation-based
design. Whereas in the past a lot of effort was spent on reducing
the magnitude of variation sources, recent development in design
techniques has generated methods that can reduce the impact of
potential variations by manipulating controllable design variables.
Taguchi’s robust design is such an approach and emphasizes re-
duction of performance variation through reducing sensitivity to
sources of variation.16 A part of the authors’ work6,20,21 has been
on developingnonlinearprogrammingmethods that can be used for
a variety of robust design applications, as well as overcoming the
mathematical limitations of the methods Taguchi offered.16 Robust
design has also been used at the system level to reduce the perfor-
mance variationcausedby manufacturingdeviations.22 In this work,
the concept of robust design is used to mitigate performance vari-
ations due to various sources of uncertainties in simulation-based
design. An integrated methodology for propagating and managing
the effect of uncertaintiesis proposed.Two approaches,namely, the
extreme condition approach and the statistical approach, are devel-
oped to propagate the effect of both the external uncertaintyand the
internal uncertainty across a design system comprising interrelated
subsystem analyses. An uncertainty mitigation strategy based on
the principles of robust design is proposed. A simplistic simulation
chain model is used to explain the proposedmethodologyand a six-
link function-generatorlinkage design problem is used to illustrate
the bene� ts of applying the robust design approach for uncertainty
mitigation.The principlesof the proposedmethodscan be easilyex-
tended to more complicated,realmultidisciplinarydesignproblems.

II. Propagation of the Effect of Uncertainties
In this section,a simulation-baseddesignmodelas shown in Fig. 1

is used to explain the proposed methodology. The model consists
of a chain of two simulation programs (imagining they are from
two different disciplines) that are connected to each other through
linkingvariablesrepresentedby the vectory. The input to simulation
model I is thevectorof designvariablesx1 with uncertainty(external
uncertainties, described by a range D x1 or certain distributions).

For simulation model I, the output y can be expressed as

y = F1(x1) + "1(x1) (1)

where F1(x1) is the simulation model and "1(x1) is the correspond-
ing error model of the internal uncertainty. Additive error model is
used to represent model structure uncertainty in this study, though
its real form can be much more complicated.

Fig. 1 Simulation model chain.

For simulation model II, the inputs are the linking variable y and
the design variable x2 . The output vector z can be expressed as

z = F2(x2, y) + "2(x2, y) (2)

where F2(x2, y) is the simulation model and "2(x2, y) is the cor-
responding error model. The output z often represents system per-
formance parameters that are used to model the design objectives
and constraints. Because of the deviations existing in x2 and y, and
the internal uncertainty "2(x2 , y), the � nal output z will also have
deviations.

The question is how to propagate the effect of various types of
uncertaintiesacross a simulation chain with interrelated simulation
programs.Two approaches,the extreme conditionapproachand the
statistical approach, are presented in the following sections.

A. Extreme Condition Approach for Uncertainty Analysis
The extreme condition approach is developed to obtain an inter-

val or the extremes of the � nal output from a chain of simulation
models. The term extreme is de� ned as the minimum or the max-
imum value of the end performance (� nal output) corresponding
to the given ranges of internal and external uncertainties.With this
approach, the external uncertainties are characterized by the inter-
vals [x̄1 ¡ D x1, x̄1 + D x1] and [x̄2 ¡ D x2 , x̄2 + D x2], where x̄1 and
x̄2 are the nominal values of x1 and x2, respectively. Correspond-
ingly, the outputs of the two simulationmodels are described by the
intervals [ymin , ymax] and [zmin , zmax], respectively.

Optimizations are used to � nd the maximum and minimum (ex-
tremes)of theoutputsfromsimulationmodel I and simulationmodel
II, respectively. The � ow chart of the proposed procedure is given
in Fig. 2. The steps to obtain the range of output z, [zmin , zmax], are
presented as follows.

1) A set of nominal values x̄1, x̄2 , and ranges D x1 , D x2 are given.
2) For simulation model I, minimize and maximize F1(x1) over

the range of [x̄1 ¡ D x1 , x̄1 + D x1] to obtain Fmin
1 (x1) and Fmax

1 (x1).
(Note that, though vector representation is used for simplicity, the
objectivefunctionsin optimizationare scalarvalued.) The optimiza-
tion model is

Given: The nominal value of x̄1 and the range D x1

Subject to: x̄1 ¡ D x1 · x1 · x̄1 + D x1 (3)

Optimize: Minimize F1(x1) to obtain Fmin
1 (x1) (3a)

Maximize F1(x1) to obtain Fmax
1 (x1) (3b)

3) Similar to step 2, obtain the extreme values of internal uncer-
tainty"min

1 (x1) and "max
1 (x1) over the rangeof [x1 ¡ D x1, x1 + D x1]

Fig. 2 Extreme condition approach procedure.
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4) Obtain the interval [ymin, ymax] using

ymin = Fmin
1 (x1) + "min

1 (x1) (4)

ymax = Fmax
1 (x1) + "max

1 (x1) (5)

5)For simulationmodelII,minimizeandmaximizeF2(x2 , y) over
the rangeof [x̄2 ¡ D x2, x̄2 + D x2]and [ymin , ymax]obtainFmin

2 (x2, y)
and Fmax

2 (x2 , y). The optimization model is similar to the one in
step 2.

6) Similar to step 5, obtain the extreme values of internal uncer-
tainty "min

2 (x2, y) and "max
2 (x2, y).

7) Obtain the interval [zmin, zmax] using

zmin = Fmin
2 (x2 , y) + "min

2 (x2, y) (6)

zmax = Fmax
2 (x2 , y) + "max

2 (x2, y) (7)

Based on the computed interval [zmin , zmax], the nominal value of z
is calculated as

z̄ = 1
2 (zmin + zmax) (8)

The deviation of z can be calculated as

D z = zmax ¡ zmin (9)

The extreme condition approach identi� es the interval of a sys-
tem output based on the given intervals of the system inputs. It is
applicable to the situation in which both the external uncertainties
in x1 and x2 are expressed by ranges.

B. Statistical Approach for Uncertainty Analysis
The statisticalapproach is developedto estimate CDFs, probabil-

ity densityfunctions(PDFs), or populationparameters(for example,
mean and variance) of the � nal outputs from a chain of simulation
models. Here we assume x1 and x2 , and the internal uncertainty
"1(x1) and "2(x2 , y) follow certain probabilistic distributions that
may be obtained by � eld or experimental data, the information of
similar existing products, and judgements by engineering experi-
ence. Note that because the distribution parameters (for example,
mean and variance) of "1(x1) and "2(x2, y) are functions of x1, x2,
and y, the � nal distributions of "1(x1) and "2(x2, y) are the accu-
mulated effects of both the uncertainty in the error model and the
uncertainty of the external parameters such as x1, x2 , and y. Monte
Carlo simulation methods23 are used to propagate the effect of un-
certaintiesthroughthe simulationchain.The procedureis developed
as follows.

1) Generate H samples of x1 and x2 as simulation inputs based
on their distribution functions.

2) For the given x1 , calculate the distribution parameters of the
internal uncertainty "1(x1) for simulation model I and generate N
samples of the internal uncertainty "1 for simulation model I based
on the distribution function.

3) Evaluate the corresponding output y =F1(x1) + "1 for simu-
lation model I.

4) For each y, calculate the distributionparametersof the internal
uncertainty"2(x2 , y) of simulationmodel II andgenerate M samples
of the internal uncertainty "2 based on the distribution function.

5) Evaluate the correspondingoutput z =F2(x2 , y) + "2 for sim-
ulation model II.

6) Calculate the mean value µ z , the standard deviation ¾z , or the
CDF and PDF of z based on H £ M £ N samples of z.

Figure 3 shows the process of this Monte Carlo simulation-based
approach. This approach generates statistical estimates of the sys-
tem output based on the given distributions of the inputs and error
models. This gives us more information than the extreme condition
approach by which only the best and worst performance are esti-
mated. Because the statistical approach is based on the concept of
Monte Carlo simulation, it often requires a large number of simula-
tions.MoreeffectivesamplingtechniquessuchasLatinhypercube24

and fractional factorial design25 can be used to reduce the amount
of simulations.

Fig. 3 Monte Carlo simulation process.

III. Mitigating the Effect of Uncertainty
To assist designersto make reliabledesigndecisionsunderuncer-

tainties,we integrate the proposed techniquesof propagatingthe ef-
fect of uncertaintieswith the MDO approachbased on the principles
of robust design, that is, to extend the quality engineeringconcept to
the mitigation of the effects of both external and internal uncertain-
ties. From the viewpointof robustdesign,16,26 the goal is to make the
system (or product) least sensitive to the potential variations with-
out eliminating the sourcesof uncertainty.The same concept is used
here to reduce the impact of both external and internal uncertainties
associated with the simulation programs. The robust optimization
objective is achieved by simultaneously optimizing the mean per-
formance and reducing the performance variation, subject to the
constraints6,20 considering their deviations. Note that Taguchi’s26

robust design has been used in the past for mitigating the effect of
parameter uncertainty which is similar to the external uncertainty
considered here. In this work, the concept is extended to mitigate
the effect of model structure uncertainty in a similar manner.

For the extreme condition approach, the robust design model can
be formulated as follows:

Given: Parameter and model uncertainties (ranges)

Find: Robust design decisions(x)

Subject to: System constraints

gworst(x) · 0 (10)

Objectives: Optimize the mean of system attributes: ā(x)
(10a)

Minimize the deviation of system attributes:

D a(x) (10b)

In this model, gworst(x) is the maximum constraint function es-
timated by the worst case of constraint function g(x) and a is the
objectivevector.Both g(x) and a(x) are the subsets of system output
vector z. The mean and deviation of the system outputs can be ob-
tainedby the extremeconditionapproachas introducedearlier.Note
that we have multiple objectives in robust design, that is, both the
mean and the deviation of the system are expected to be minimized
(here we assume optimizing the mean of a system attribute can al-
ways be transformed into a minimization problem). The general
form of the objective can be expressed as

min[ā(x), D a(x)] (11)
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Fig. 4 Integrated strategy for mitigating the effect of uncertainty.

Many existing approaches can be used to solve the preceding
multiobjective robust optimization problem.27 ¡ 30

In the preceding model, we use the worst-case analysis27 to for-
mulate the constraints [Eq. (10)]. The worst-case analysis assumes
that all � uctuations may occur simultaneously in the worst possi-
ble combination.The effect of variations on a function is estimated
using a � rst-order Taylor’s series as follows:

D g(x) =
X

i

ê
ê
ê
ê

@g(x)
@xi

D x
ê
ê
ê
ê

(12)

where D g(x) represents the variation transmitted to constraintg(x)
for a worst-case analysis. Then the design feasibility in Eq. (10)
can be formulated by increasing the value of the mean g(x̄) by the
amount of functional variation D g(x), that is,

gworst(x) = g(x̄) +
X

i

ê
ê
ê
ê

@g(x)

@xi

D xi

ê
ê
ê
ê

(13)

When using the statistical approach to estimate the performance
distribution, the robust model can be formulated as follows:

Given: Parameter and model uncertainties(distributions)

Find: Robust design decisions x

Subject to: System constraints

P[g(x) · 0] ¸ Plimit (14)

Objectives: Optimize the mean of system attributes

a(x): µ a(x) (14a)

Minimize the standard deviation of system

attributes a(x): ¾a (x) (14b)

where µ a (x) and ¾a (x) are the estimates of mean and variance of
the system outputs, respectively. Note that the constraints in the
model are expressed by the probabilistic formulation. P[g(x) ·0]
is the probability of constraint satisfaction, and it should be big-
ger than or equal to the de� ned probability limit Plimit . Because
it is very computationally expensive to evaluate the probability of
constraint satisfaction, alternative formulations, for example, the
moment matching method,6,27,28 are used in practice to evaluate the
constraints.

With the moment matching method, if g(x) is assumed to follow
a normal distribution.The constraint in Eq. (14) is formulated as

µ g + k¾g · 0 (15)

where k is a constant that stands for the probability of constraint
satisfaction.27 For example,k =1 standsfor theprobability ¼ 0.8413
and k =2 means the probability ¼ 0.9772.

Fig. 5 Six-link function-generator linkage.

Based on the preceding discussions, the strategy that integrates
the propagationand mitigationof the effect of uncertainties is sum-
marized in Fig. 4. There are three modules in the integratedmethod.
Module A is the uncertainty quanti� cation module. This module
represents the � rst stage in the integrated methodology. Module B
is the propagation module. In this module, either the extreme con-
dition approach or the statisticalapproach introducedearlier is used
to identify the range or to estimate the populationparametersof sys-
tem performance under the in� uence of both internal and external
uncertainties. The obtained � nal performance ranges or estimated
population parameters are then used in module C, the management
module, to mitigate the effect of uncertainties. The purpose of this
module C is to obtain the values of design variables that are tolerant
to the uncertainties.The basis for controllingthe effect of uncertain-
ties is the robust design approach.The formulation can be found in
Eqs. (10) and (14). Note that the process to manage the effect of
uncertainty is iterative and involves repeated uncertainty analysis
until a robust optimal solution is obtained.

IV. Example: Mechanism Synthesis
The design of a six-link function-generatorlinkage (see Fig. 5) is

used as a case study to illustrate the tangible effects of the proposed
approach. The functional requirements of the mechanism are that
when the input angle } (crank angle) varies between 30 and 60 deg,
the output displacement (slider displacement) S is desired to follow
the function

S = 2.17436 + 0.02016} ¡ 0.00039} 2 + 1.73 £ 10 ¡ 6 } 3 (16)

The length of crank AB, the length of frame AD, and the angle
b are given as AB = 0.85 mm, AD = 1.9 mm, and b =0 deg.
The maximum pressureangle a 1 of the four-bar linkage ABCD and
the maximum pressure angle a 2 of the four-bar linkage DEF must
be less than 55 and 26 deg, respectively. The design variables are
x =[x1, x2 , x3 , x4] =[BC, CD, DE, EF].

For the purpose of illustration, we decompose the given system
into two subsystems, the � rst four-bar mechanism ABCD and the
second four-bar mechanism DEF, shown in Figs. 6 and 7, respec-
tively. The two subsystem analyses are considered as simulations
I and II as de� ned earlier in Fig. 1.
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In terms of the inputsand outputsof the two simulationprograms,
for subsystem I, the inputs are } , xi , and x2, and the outputs are the
angle w of rocker CD and the maximum pressure angle a 1 . For
subsystem II, the inputs are w , x3 , and x4 , and the outputs are the
displacement of slider S and the maximum pressure angle a 2.

The analytical models to design the mechanism can be found in
Refs. 31 and 32. Rather than using the analytical models directly,
we create response surface models (RSMs) as the simulation mod-
els for these two subsystems and use them to design the mechanism
based on the proposed methodology. The purpose of creating the
RSMs in this study is not to improve the computational ef� ciency
through approximationsas the way they are normally used. Rather
the purpose is to illustrate how to mitigate the effect of uncertainty
when simpli� ed models are used in design.The errors introducedby
RSMs are considered explicitly as the uncertainty associated with
the model structure. The bene� ts of the proposed method are illus-
trated by comparing the results from RSMs, both with and without
the considerationof uncertainty, to those from using real analytical
models.

For subsystem I, the RSMs created are w = f w ( } , x1, x2) and
a 1 = f a 1 (x1 , x2) . These models are considered as the simulation
models F1(x1) as de� ned in Fig. 1:

F1(x1) = F1(x1, x2) =
£

f w ( } , x1 , x2), f a 1 (x1, x2)
¤

(17)

For subsystem II, the RSMs are S = fs( w , x3 , x4) and a 2 =
f a 2 (x3, x4). These models are considered as the simulation mod-
els F2(x2 , y):

F2(x2, y) = F2(x3 , x4 , w ) =
£

fs( w , x3 , x4), f a 2 (x3 , x4)
¤

(18)

Different combinations of design variables (x1, x2, x3, x4) and
input angle } are selected for computer simulations using the an-
alytical models. Based on the simulation results, a standard mul-

Fig. 6 First four-bar linkage.

Fig. 7 Second four-bar linkage.

Fig. 8 Simulation model for six-link function-generator linkage.

tilinear regression is used to � t second-order RSMs f w ( } , x1, x2),
f a 1 (x1, x2), fs( w , x3, x4), and f a 2 (x3, x4), in the following form:

y = a0 +
mX

i = 1

ai xi +
mX

i =1

aii x
2
i (19)

where y is the approximate response, m is the number of input
variables, and ai and aii are regression coef� cients.

The error models corresponding to the RSMs are "1(x1) =
[e w ( } , x1, x2), e a 1 (x1 , x2)] and "2(x2, y) = [e s ( w , x3, x4),
e a 2 (x3 , x4)]. With the statistical approach, for simplicity, we as-
sume all of the errors can be modeled using normal distributions.
The mean values and standard deviations of the errors are denoted
by l w , r w , l a 1 , r a 1 , l s , r s , l a 2 , and r a 2 , respectively, where l is
mean valueand r is standarddeviation.The PDF of the errormodels
has the following form:

PDF ( e ) = (1/
p

2p r )exp
©

¡ 1
2
[( e ¡ l )/ r ]2

ª
(20)

The parameters l w , r w , l a 1 , r a 1 , l s , r s , l a 2 , and r a 2 are esti-
matedusing100samplesof errors,whichare evaluatedby the differ-
encesbetween the values from the analyticalmodels and those from
RSMs. The samples are randomly picked over the range 30 · } ·
60 deg.

For theextremeconditionapproach,we specifythe internaluncer-
tainties as e w 2 [l w ¡ 3 r w , l w + 3 r w ], e a 1 2 [l a 1 ¡ 3r a 1 , l a 1 +
3 r a 1 ], e s 2 [l s ¡ 3r s , l s + 3 r s], and e a 2 2 [l a 2 ¡ 3r a 2 , l a 2

+
3 r a 2 ].

Following the structure of the simulation chain de� ned in Fig. 1,
Fig. 8 particularizesthe relationship of the subsimulationprograms
for the six-link linkage design problem.

The weighted sum method is used in our study to model the
multiple objectives in robust design. For the statistical approach,
the robust optimization model is stated as

min F(x1 , x2, x3, x4) = w1

nX

i = 1

[l s( } i ) ¡ S( } i )]2

,
nX

i = 1

£
l ¤

s ( } i ) ¡ S( } i )
¤2

+ w2

nX

i = 1

r 2
s ( } i )

,
nX

i =1

r ¤ 2
s ( } i )

(21)

subject to

l a 1 + k r a 1 · 55 deg (22)

l a 2
+ k r a 2 · 26 deg (23)

where w1 and w2 are the weighting factors with w1 + w2 =1, k is
chosen to be1, which indicatesthatwith 84.13%probabilitythecon-
straint will be satis� ed under the assumption that a 1 and a 2 are nor-
mally distributed.Here u ¤ 2

s (obtainedby w1 =1 and w2 =0) and r ¤ 2
s

(obtainedby w1 =0 and w2 =1) are the ideal solutionsused to nor-
malize the two aspects in robustdesign, that is, optimizing the mean
performance and minimizing performance deviations. Because the
mechanismis desired to generatethe outputdisplacementfollowing
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Table 1 Comparisons of design results

Method x1, mm x2 , mm x3, mm x4, mm a 1, deg a 2 , deg

Extreme condition approach 1.774 1.537 1.096 2.553 53.921 25.431
Statistical approach 1.775 1.542 1.096 2.575 53.950 25.199
Conventional optimization (without 1.831 1.478 1.098 2.527 55.013 25.769

uncertainty considerations)

Fig. 9 Comparison of design results.

a speci� ed function [Eq. (16)] over the whole range of 30 · } ·
60 deg, multiple points (n =30) are used to evaluate the design per-
formance. For the extreme condition approach, we have a similar
optimization formulation:

min F(x1 , x2, x3, x4) = w1

nX

i = 1

[S̄( } i ) ¡ S( } i )]2

,
nX

i = 1

£
S̄ ¤ ( } i ) ¡ S( } i )

¤2
+ w2

nX

i =1

D S2( } i )

,
nX

i =1

D S ¤ 2( } i )

(24)

subject to

¯a 1 + D a 1 · 55 deg (25)

¯a 2 + D a 2 · 26 deg (26)

where S̄ ¤ (obtained by w1 =1 and w2 =0) and D S ¤ 2 (obtained by
w1 =0 and w2 =1) are the ideal solutionsused to normalize the two
aspects in robust design.

To show the effect of the proposedmethod, the mechanismdesign
solution using RSMs with the consideration of model uncertainty
is compared with the one using the RSMs but without the con-
sideration of uncertainties (called conventional optimization with-
out uncertainty considerations). The comparison is made for us-
ing w1 =w2 =0.5 as the weighting factors in the robust design
formulations. Note from Table 1 that all of the approaches gen-
erate feasible solutions where the maximum pressure angles are
less than the required limits. The resulting displacement functions
con� rmed using the real analytical models at the design solution
obtained from each of the three methods are shown in Fig. 9 for
the range of input angles. Note that the functional curves generated
by both the extreme conditionapproach and the statistical approach
are closer to the desired location than the one based on the conven-
tional optimization without uncertainty considerations. This indi-
cates the bene� ts of using either the extreme condition approach or
the statistical approach to the explicit modeling of the simulation
errors.

Fig. 10 Con� rmed mean square error.

Fig. 11 Con� rmed variance.

The sumof the squaresof thedifferencesbetweenthemeanvalues
of system outputs and the desired target values, that is,

30X

i =1

[l s ( } i ) ¡ S( } i )]2

(called the mean square error), and the sum of the variances of
system output

30X

i = 1

r 2
s ( } i )

are evaluated using Monte Carlo simulations at the design solu-
tions obtained from the extreme condition approach, the statistical
approach (with w1 =w2 =0.5), and the conventional optimization
without uncertainty considerations.The comparisons are provided
in Figs. 10 and 11.

As shown in Figs. 10 and 11, conventional optimization using
RSMs but without uncertainty considerations has the minimum
mean square error, but the maximum variance. The maximum vari-
ance is caused by the model uncertainties e w ( } , x1 , x2), e a 1 (x1, x2),
e s( w , x3 , x4), and e a 2 (x3 , x4), which are ignored in the formulation
of conventional optimization. This has resulted in the worst per-
formance in meeting the displacement function requirement (see
Fig. 9). When the variance is reduced with either the extreme con-
dition approach or the statistical approach, the uncertainty is mit-
igated to a certain extent and more reliable design results can be
obtained.For the case where w1 =w2 =0.5, the variance is reduced
from 2.0134 to 1.4320 with the extreme condition approach and to
1.3956 with the statistic approach.

The tradeoff between the mean square error and the variance in
robustoptimizationcan be treatedby adjustingthe weightingfactors
while maintaining w1 + w2 =1. The weight setting of w1 =1 and
w2 =0 yieldsa conventionaloptimizationthat does not considerany
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uncertainty and generates the lowest mean square error but maxi-
mum variance of system outputs. For this particular problem, with
w1 decreasing from 1 and w2 increasing from 0, the variance of
system outputs decreases and the mean square error increases.The
achieved displacement function is shifted to the required function
more closely.However, the decreaseof varianceslows with a contin-
ued increase in w2 . As the mean square error increasesaccordingly,
the proposed approaches with uncertainty considerations generate
worse design results than the conventional optimization approach.
This is especially true when w1 is near 0 and w2 is close to 1. As
the value of design performance is in� uenced by both the mean lo-
cation and its variance, how to deal with the tradeoff between the
mean square error and the variance in the robust design model is an
important task and needs careful exercising.

V. Conclusions
An integratedmethodologyforpropagatingand mitigatingthe ef-

fect of uncertaintiesin simulation-basedsystemsdesign is proposed
in this paper. The extreme condition approach and the statisticalap-
proach are developed to propagate the effect of uncertainties and
they are integrated with the proposed uncertainty mitigation strat-
egy based on the principles of robust design. It is shown through
the example that propagating and mitigating both external and in-
ternal uncertaintiesinvolved in simulation-baseddesign will enable
designers to make reliable decisions.The proposed methodology is
� exible and comprehensivewith ample potential for its application
in the area of multidisciplinarycollaborative systems design. Even
though a simplistic simulation chain model is used for illustration
and the details are based on a simple � rst-order additive model for
dealing with the internal uncertainty [see Eqs. (1) and (2)], the con-
cepts and principlespresentedcan be extended to more complicated
systems.

The computational ef� ciency of the extreme condition approach
and the statistical approach will vary depending on the size of the
problem, for example, the number of design variables and the num-
ber of performancevariables, the method for searching for extreme
conditions, and data sample techniques when using the statistical
approach. For complex engineering problems with black-box type
of simulation programs, it is generally recommended to use the
statistical approach over the extreme condition approach. Also the
statistical approach provides more information on the effect of un-
certainty across the whole range of performance,whereas the latter
deals only with the conditions at extremes.

Note that the effectivenessof the proposedmethodwill dependon
the quality of error models. If the simulationmodels deviate greatly
from the real models or the error models do not describe the real
situations very well, the proposed integrated method may generate
unsatisfactorydesign results. For the example problemdiscussed in
Sec. IV, the quality of the error model can be further improved to
obtain better design solutions.

How to dealwith the tradeoffbetweenthemeanvalueand thevari-
ance in robust design is another important task that requires careful
exercising. When choosing the weighting factors, the combination
effect of the mean location and the variance needs to be considered
with the preference of designers and their attitude toward risk.

The future work is targeted toward developing computationally
ef� cient methods for propagatingand mitigating the effect of uncer-
tainty in a coupled multidisciplinarydesign environmentwhere the
performance prediction of one discipline may be the inputs of an-
otherdisciplineand vice versa.To reducethecomputationaleffort in
propagating the effect of uncertaintiesby Monte Carlo simulations,
methodologies for fast and direct probabilistic evaluations of sys-
tem performance need to be introduced and developed. In terms of
decisionmaking under uncertainty,a more generic decisionmaking
model that is basedon the conceptof utility theorywill bedeveloped
to accommodate designer’s preference and risk attitude.
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